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We investigate density perturbations generated through modulated reheating while inflation is 
driven by a conformally coupled scalar field. A large running of the spectral index is obtained, which 
reflects the basic nature of conformal inflation that higher-order time derivatives of the Hubble 
parameter during inflation are not necessarily small. This feature may allow us to distinguish 
between conformal inflation models and standard minimally coupled ones. We also investigate how 
the resulting fluctuations are modified when there is a deviation from an exact conformal coupling 
between the infiaton and gravity. Finally, we apply our results to the warped brane infiation model 
and see that observational bounds from the WMAP5 data suggest a blue tilted density perturbation 
spectrum. 



I. INTRODUCTION 

Ever since the idea of cosmic inflation was proposed, 
inflationary model building has largely focused on slow- 
rolling scalar fields minimally coupled to gravity as can- 
didate inflatons. However, recently it was pointed out in 
[H that conformally coupled scalar fields are also capable 
of accelerating the universe. Since the existence of such 
conformally coupled fields is rather common in models 
from string theory, it is of great interest to explore the 
possibility of conformally coupled fields driving inflation. 
In this light, we also come up with a new question of 
how we can distinguish between these "conformal infla- 
tion" models and standard minimally coupled ones. 

The aim of this paper is to focus on density pertur- 
bations and seek distinctive features conformal inflation 
might have left. A conformally coupled inflaton itself 
cannot be responsible for generating primordial fluctua- 
tions^, but instead string theory suggests alternative sce- 
narios such as modulated reheating [3, 4]. Hence, in this 
paper we consider the case where modulated reheating 
generates density perturbations while inflation is driven 
by an almost conformally coupled inflaton.^ We study 
the scale dependence of the generated density perturba- 
tions. The general results we obtain are that (i) mod- 
ulated reheating together with conformal inflation can 
produce a nearly scale-invariant spectrum, and (ii) the 



running of the spectral index \dns/ dh\k\ turns out to be 
as large as |rts — 1|. The latter result reflects the nonexis- 
tence of hierarchy among higher-order time derivatives of 
the Hubble parameter d" In / df^ H"^ during conformal 
inflation. This is in strong contrast to standard mini- 
mal models where higher-order derivatives are suppressed 
by higher orders of the slow-roll parameters (and their 
derivatives). Hence this feature offers a chance to obtain 
a smoking-gun signal for nonminimally coupled inflation 
models. 

We also investigate how the resulting density pertur- 
bations are modified when there is a deviation from an 
exact conformal coupling between the inflaton and grav- 
ity. The result will allow us to impose constraints on the 
inflaton's coupling from observational data. 

As a concrete example, our generic results are applied 
to the well-studied warped brane inflation model [11,0, 0, 
H, S [li We wiU see that comparison with the WMAP5 
data predicts a blue tilt {ug > 1) for this model. 

The paper is organized as follows. First we give a quick 
review on conformal inflation in Section[TTl In Section lTTTl 
we study the scale dependence of the density perturba- 
tions generated through modulated reheating after con- 
formal inflation. Then in Section [TVl we apply our results 
to the warped brane inflation model. We conclude in Sec- 
tion |Vl In the appendix we provide detailed arguments 
on conformal inflation. 



II. REVIEW OF CONFORMAL INFLATION 
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From a conformally coupled inflaton, one generally obtains a 
highly blue tilted spectrum. (This can easily be seen by mov- 
ing to the Einstein frame and computing the density perturba- 
tions [2[.) Therefore, unless we consider inflation with an ex- 
tremely high energy scale, perturbations generated by the infla- 
ton will be suppressed at the CMB scale. 

^ One may wonder whether the coupling of the inflaton to Stan- 
dard Model particles may spoil conformal symmetry. However, 
we need not require an exact symmetry, instead, the basic factors 
for conformal inflation are the inflaton's (almost) conformal cou- 
pling to gravity together with an appropriate inflaton potential. 



Here we give a brief review of conformal inflation. Con- 
sider the action 



S — dx 



. . 

where IZ is the scalar curvature and ^ is the nonminimal 
coupling to gravity. Choosing a flat FRW background. 



ds^ = -di^ + a{tfdy? 



(2) 
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the Friedmann equation is 

(Ml - i4>'')H^ = J*^" + ^^('^) + (3) 
and the equation of motion of is 

+ 3i/</- + T/'(0) + 6^(i/ + 2ij2)0 = 0. (4) 
By introducing 

n=(i) + H(j), (5) 

the equations ^ and Q can be rewritten in the following 
form: 



When |c| ~ 0(1), these conditions take the simple form 

e«l, |e|«l, |?7c|«l. (16) 

The proportionality constant c is chosen such that it is 
the largest constant to minimize Irid/c^. For detailed 
arguments, see Appendix I A II 

It is clear from ^ and ([5]) that tt'^ /V is small during 
inflation. Especially when the potential is flat enough to 
satisfy IM^V] < |c<^y|, then 



(17) 



which suggests that the inflaton is rapidly rolling towards 
its origin. 



7T + 2ff7r + V' + 6i^C - qJ (H + 2i?2)0 = Q. (7) 

The conformal case ^ = 1/6 was investigated in [l[, 
where inflation was realized while the equations ([6]) and 
d?]) could be approximated to 



(8) 



III. DENSITY PERTURBATIONS FROM 
MODULATED REHEATING 

We analyze the case where density perturbations are 
generated through modulated reheating d, [1] after con- 
formal inflation. The scale dependence of the perturba- 
tions will be expressed in terms of the flatness parameters 
and (<^- 1/6). 



cHtt ~ ~V'. 



(9) 



Here, c is a dimensionless constant whose meaning will 
soon become clear'^. Let us define three "flatness param- 
eters" as 



M2 fv'^ ^ 



2 \V 

(f)V' 

c fV" 



^€ = 11 + 7; 



3\ V 



c- 2 



where 



(10) 

(11) 
(12) 

(13) 



Then one can check that the necessary conditions for the 
approximations ([8]) and ([9]) to be valid are 



6 

< 1, 



6 



1 



+ -e 

c 



< 1. 



(14) 



The necessary condition for \H/H'^\ ^ 1 can also be 
derived, 



6 



< 1. 



(15) 



A. Modulated Reheating Scenario 

To reheat the universe, the inflaton should decay into 
ordinary Standard Model particles (or particles that 
eventually transfer their energy into SM particles) af- 
ter inflation. Here, it may well be that the decay rate 
of the inflaton field (i.e. couplings between the infiaton 
and ordinary particles) is determined by VEVs of fields 
in the theory. If those fields are light during infiation, 
they will fiuctuate and generate spacial fluctuations in 
the decay rate for the reheating process, which translate 
into density perturbations in the universe. 

Let us take x to be the light modulus field whose VEV 
determines the coupling A. Then its fiuctuations during 
inflation manifest themselves as fluctuations in A and the 
decay rate F, leading to density perturbations 



6p ST 6X Sx 
— oc — cx — oc — . 

p r A X 



(18) 



Fields whose mass is smaller than H during inflation typ- 
ically obtain fluctuations of order H. Therefore the tilt 
of the spectrum in this scenario can be expressed in a 
form independent of the details of the model. 



d luff 2 
din fc 




(19) 



^ Our parameterization of c differs from that of [l|] by Coun 
crii +2. 



dus 
dink 




(20) 
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where the spectral index and its running are estimated 
at the moment of horizon crossing k = aH. 

We do not restrict ourselves to specific setups of mod- 
ulated reheating in this paper. Rather, we focus on the 
generic features (fT9|) . ([20]) of modulated reheating and 
study the imprints of conformal inflation on the tilt of 
the spectrum. (Some candidates for the light modulus 
field in the case of warped brane inflation are proposed 
in Section IVl) 



First we make use of this parameter to evaluate quanti- 
ties, and then later on we will estimate the value of a 
itself. For convenience, we further define 



MpV 
e = — ^ — , K 



V2V' " Mp' " V 



(22) 



Note that e = e'^ and e = eK/%/2. Then ^ can be rewrit- 
ten as 



B. The Spectral Index and its Running 

In this subsection, the observables are expanded in 
terms of the three flatness parameters e, e, and rjc- We 
assume |c| ~ C'(l). From now on, we take account 
of the inflaton's slight deviation from a conformal cou- 
pling (^ — 1/6). This procedure allows us to deal with 
a wide variety of situations, e.g., when there exists ad- 
ditional corrections to the action which ruin the exact 
conformal coupling, when the frame where the inflaton 
is conformally coupled to gravity differs from the frame 
where the light modulus x is minimally coupled. 

Since the flatness parameters only describe the form of 
the potential, let us introduce an additional dimension- 
less parameter a as follows, 



V' — cHiT H a 

Mr, 



(21) 



V 



Also, from ^ and (PT|) one can derive 

3M2h2 ^ 1 + icr - i(6C - 1)k (a + y/2e 



V 



l + i(6e-l)«;2 



(23) 



(24) 



([231) and ([24]) give a quadratic equation on ct, whose so- 
lution is 



where 



CT = -i + x + (6e 



Hi{a + \/2e) 



(25) 



^ _ ^ {c - (6^ - l)K{a + ^/2e)] + (a + V2e)2 {6 + (6^ - 1)^2} 

is a quantity close to one. We have chosen the solution for a to approach zero in the e, e, a, (^—1/6) limit, 
time derivative of the Hubble parameter is given by ([6|) and ([7]) 



H _ 2a+12C?+(6C-l){-a + 6^H-3(4^-l)^} 



2 + a+(6e-l){2-^-f(6e-l)^} 
Using the results above, ([27p can be evaluated in terms of e, e, k, ^ and a, 
_ 2c(l - X -l) + {<oS,-l) [in{a + ^/2e) {l + ^ (2 + (6^ - l)^^) ] - c [l ~ X + 21 - + ^2^(3 + X + 2e)}] 
~ {c(l + X)- (6^ - l)K{a + ^/2e)] {1 + ^(6^ - 1)^2} ' 

Here it should be noted that a shows up either in the quadratic form , or with a prefactor ea, (6^ — l)a. 
second order derivative is given by 



(26) 
The 

(27) 

(28) 
The 
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2 + a+(6e-l){2^ + (6C-l)^} 



(10e-3).-2(7^-l)e~-,(3^-l)^+C.(^ 



-(6^-1) { m - 3)^ - (16C - 3)^1 + A (2^„i),_4^,+ (6e-l) {2(2^ - 1)^ ~ (8^ - 1)^ 



(29) 



To avoid clutter, we do not lay out the explicit form of this quantity. However, one can check that a enters ([^^ 
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through o? , ea, and (6^ — l)a. 

Now we turn to evaluating a itself. Though it is diffi- 
cult to obtain the explicit value of a, we can still derive 
its evolution equation. By differentiating both sides of 
((2T|) with respect to time and then substituting ([7]), one 
obtains 



a 
H 



V2e 



h2e- 
H 



2e) 



V 



77c - 2e + rj- 



V - SM^i?^ 




where we have made use of 



f]K = V2e I ^ (?7c - ?7) + 2 - c| 



(30) 



(31) 



along the way. The results above allow us to evaluate the 
r.h.s. of (|30p in terms of e, e, e, rjc, rj, k, ^ and a. First let 
us consider the limit where exact conformal coupling is 
obtained and the three flatness parameters are negligible. 
Then the evolution equation (j30[) turns into 



a 
H 



6c77 - Ay/cF 



c2 + Vc" + 6c2a2 

2 + ^ 

c 



(32) 
(33) 



where the last line is an approximation valid in the case 
where |a| <C |c|. This shows that when —2 + 377/c < 0, 
a damps as the universe expands during the inflationary 
era. When a becomes as small as the terms we have ne- 
glected in obtaining ((32)) . the value of a settles down to 
that corresponding to the neglected source terms. Ex- 
panding the r.h.s. of ([30|) in terms of the flatness param- 
eters and (^—1/6), one can show 



a 
H 



0(e, 6^/^77, 
o , 3?? 



+ 0(a'). 



(34) 



Here, contributions from a nonexact conformal coupling 
are denoted by C'((^— 1/6)"), which refers to products of 
0(1) factors and (^—1/6)™ with m > n. It should be 
noted that we have not imposed any assumptions on the 
values of k and rj. p4p shows that during inflation the 
value of a becomes of the order 



0(6, e'^'vr^ + 0{^~- 



1 



(35) 



Now that we know the value of a, we can compute the 
spectral index (fTO|) and its running ([^0)1 in the modu- 
lated reheating scenario. Recalling how a showed up in 
time derivatives of the Hubble parameter, the leading or- 
der behavior of the tilt can be described without a. We 
obtain 



ns-l = -2e- [^ + K^]e + 0{e^/'^, e-q, 



o + (e-i){2.^ + c^(.^/^)} + c^((e4)^), 



(36) 



^ = 2 (3 - c + ^7,.) I + (^i^ + (7 - 3c).^ ) . + a(.3/2, 



(37) 



We immediately see that |(i?T,s/(iln A;| can become large, 
comparable to |7is — 1|. This is due to the fact that 
the derivatives of the flatness parameters do not neces- 
sarily become smaller than the parameters themselves. 
Since this is a generic feature of conformal inflation, a 
large running is expected even if we consider mechanisms 
other than modulated rehea ting for generating fluctua- 
tions (e.g. curvaton models [ij [H, [3|)- Also, our re- 
sults indicate that (C ~ 1 /6)-corrections can dominantly 
determine the values of the cosmological observables un- 



less 1^—1/6 1 is smaller than the flatness parameters. 

Before ending this section, we should remark that 
when the inflaton is extremely close to its origin (i.e. 

< 0(e^/2))^ j-Qay need to solve the evolution equa- 
tion ([50]) of a in order to compute the (^— l/6)-corrections 
to the observables, since the "subleading" terms denoted 
by (^" 1/6)0(6^/2) in ^ and ^ become important. 
For example, pip shows that such situations are realized 
when \ri\ > 1 or when c « 2. See also Appendix lA 21 
for arguments on the validity of our results before the 
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inflaton trajectory approaches the attractor. 



IV. APPLICATION TO WARPED BRANE 
INFLATION 

Let us now apply the results obtained in the previous 
section to a specific model. Here we consider the warped 
brane inflation model [E H, 0, B B [l^ , where the universe 
experiences inflation while a D3-brane moves towards the 
tip of a flux compactified warped throat. The D3-brane 
is pulled by a stack of D3-branes sitting at the tip. If the 
position of the D3-brane is a conformally coupled scalar 
(for a discussion on this issue, see e.g. [11]), then this 
model serves as a realization of conformal inflation. The 
attractor behavior in this case is demonstrated in [ij by 
the phase portrait method. 

Considering a throat whose geometry is AdS^ x X^, 
the potential of the inflaton takes the form 



= 2ph^oT3 1 - 



(38) 



Here, the inflaton is related to the radial position p of the 
D3 through (f) = \/T^p, p is the number of D3s at the tip, 
ho = Po/R is the warping at the tip, T3 = l/{2TT)^gs{a')'^ 
is the D3 tension, = 2^'K'^g,{a')^N/Yol{X5) is the AdS 
radius of the throat, Vol(X5) is the dimensionless volume 
of the base space X5, and A^(> 1) is the 5-form charge. 

The conformally coupled inflaton satisfies (j) ~ —(j>H 
during inflation, hence the number of e-foldings gener- 
ated is'' 



1 I'^o 



(39) 



where we have set the initial position of the D3 by a 
dimensionless constant Ai as pi = XiR, and assumed in- 
flation to end when the D3 approaches the tip pf ~ po. 
This shows that in order to obtain enough e-foldings, the 
throat should be strongly warped ho/\i ^ 1. 

Assuming a in (|21[) to be sufficiently damped when the 
perturbations of the CMB scale are generated, the scale 
dependence of the perturbations can be computed by ([55]) 
and ([57]) . We parametrize the position of the D3 when 
the CMB scale was originally produced by pcMB = Ai?. 
Furthermore, for simplicity, we ignore the compactified 
bulk to which the throat is glued, hence 



(27r)7g2(„/) 



dpYoliXs) 



EL 



Vol(^5)i?' 

(40) 



* The deviation from an exact conformal coupling will appear as 
an 0(^ — 1/6) correction to this result, which we can ignore. 



Then under the assumption h^/X ^ 1, the flatness pa- 
rameters and K can be calculated (note that c = 7), 



A107V' 



A47V' 



5f4 
A6 ' 



4A2 
1^ 



(41) 



Since e is extremely small compared to the other flat- 
ness parameters, the cosmological observables can be es- 
timated as follows: 



~2i+2K^ 



din fc 



-8e-4K^ 



(42) 
(43) 

(44) 
(45) 



The 5-year WMAP+BAO+SN data give bounds Us = 



1.022+^:^:^^ (68% CL) and dus/dlnk = -0.032^0 



F0.021 



70 CL) when tensor mode perturbations are negligi- 
ble Since the /ig/A'* terms are too small to be con- 
strained by the observational bounds, we ignore them. 
Then the observables are determined only by the infla- 
ton's deviation from an exact conformal coupling. 



A^ 

) 

' N 



drig 
din fc 



-16- 



i— 

' N 



(46) 



It is easy to see that the spectral index and its running 
are related by 



dus 
d\nk 



-2(n,- 1). 



(47) 



Using the observational bound on dris/dlnk to con- 
strain A2(^-1/6)/7V, 



0.001 < ^ U-^] < 0.003. 



(48) 



If we further make use of this bound to constrain the 
spectral index, we obtain 



0.006 < n, - 1 < 0.026. 



(49) 



Thus the Icr observational bound on the running allows 
us to predict a blue tilt for the warped brane inflation 
model. Moreover, the values of the observables were 
dominantly determined by the inflaton's deviation from 
a conformal coupling. The bound (|48p suggests that this 
deviation can be fairly large, e.g., (^—1/6) ~ 10~^ when 
A ^ 1, ~ 10^. However, note that if A^ (A) is larger 
(smaller), then such a large (C — 1/6) would indicate the 
breakdown of the procedure of expanding values in terms 
of (^—1/6). In such case numerical analysis would be re- 
quired. 
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V. CONCLUSION 



In this paper, we have investigated the scale depen- 
dence of the density perturbations that are generated 
through modulated reheating after conformal inflation. 
We have written down the spectral index and its running 
in terms of the flatness parameters and the inflaton's de- 
viation from an exact conformal coupling. The result 
indicates the presence of a large running, which reflects 
the fact that the derivatives of the flatness parameters are 
not necessarily small. This is a basic feature of conformal 
inflation, and it is expected that a large running will be 
obtained even if we consider other mechanisms for gen- 
erating fluctuations (e.g. curvaton models [13, d, Gj] ) ■ 
It would be interesting to analyze systematically the dif- 
ferences in perturbations generated through conformal 
inflation models and standard minimal ones. 

We also applied our results to the warped brane in- 
flation model, where it was shown that observables were 
dominantly determined by the deviation from the con- 
formal coupling. We have shown that the spectral index 
and its running are related by l|47|) for this model. Since 
the running is highly constrained by the WMAP5 data, a 
stringent bound on the coupling of the inflaton to gravity 
was obtained. Also, comparison with the WMAP5 data 
suggested a blue tilt of the spectrum. (However, we note 
that constraints on the spectrum can be altered if cosmic 
strings are produced after brane inflation, see [H, [13, [Tsj 
and references therein.) 

While our analysis focused on general aspects of modu- 
lated reheating after conformal inflation, in this paper we 
have not presented the light modulus responsible for gen- 
erating fluctuations in a concrete setup. In the warped 
brane inflation case, potential candidates for such light 
fields are angular positions of the D3(D3)-branes sitting 
in throats with angular isometrics, and/or axions associ- 
ated with shift symmetries of the Kahler potential. They 
may have negligible effects on the inflaton dynamics dur- 
ing inflation, but one can expect such flelds to play the 
role of the moduli fields and eventually generate density 
perturbations. For further study, it is important to come 
up with an explicit realization of our mechanism based 
on fundamental theories. We leave this for future work. 

We have focused on the tilt of the density perturba- 
tions, but it would also be worthwhile to study non- 
Gaussianities in conformal inflation models. One of the 
general lessons of our work is that a nonminimal cou- 
pling with gravity can drastically change the behavior of 
inflation. A special feature of conformal inflation is that 
higher-order time derivatives of the Hubble parameter 
have large values. Cosmological observations are impos- 
ing (not necessarily direct but) important constraints on 
such features even at the present stage. 
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APPENDIX A: DETAILED DISCUSSIONS OF 
CONFORMAL INFLATION 

We give detailed arguments on conformal inflation. 
Throughout this appendix, we consider the case of ex- 
act conformal coupling ^ = 1/6. 

1. Selection Criterion for c 

Let us introduce a dimcnsionless parameter (3 

cHiT = -V'{1 + (3) (Al) 

which measures the validity of the approximation ([9]) dur- 
ing conformal inflation. (One may wonder why we have 
used a as defined in (|2ip in the body of this paper. This 
is due to the sharp breakdown of the approximation 
when there is a deviation from ^ = 1/6, in which case /3 
can become significantly large.) Then by following the 
same procedure as for a, we can derive the evolution 
equation of /3, 

I = 0{e'/', ^,) - /? |c - ^ + 0(ei/2, ^,)| + 

(A2) 

This shows that the condition 

c-^>0 (A3) 
c 

is required for /? to decay and for ^ to be an infiationary 
attractor. (|A2[) also indicates that conformal inflation is 
unstable for small |c|. 

When 1] is negligible, the inflationary condition r\cj <? ~ 
gives 

c = 2 - C (A4) 

where we have defined Q = (f)V" /V' . Then the condi- 
tion (jA3|) demands 

C < 2 (A5) 
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in order for the existence of the attractor. 

On the other hand, when 77 is non-negUgible, jyc/c^ ~ 
sets the constant c to either of 

c± = ^{2~C±V(2-C)2-12?7}- (A6) 
Considering the condition (jA3p . one can easily show 

c± - ^ = ±V(2 - C)2 - 12,7. (A7) 
c± 

Thus we conclude that ^ with the larger solution c+ is 
the attractor of conformal inflation. 



2. (Non)Relation Between the Inflationary 
Attractor and Predictions of Cosmological 
Observables 

We have seen in the previous subsection that once 
becomes small, © continues to hold as long as the con- 
dition (jA3p is satisfied. However, in actual cases, the 
nonlinear terms in (|A2p may initially prevent from 
dropping down to a value smaller than unity, and it may 
take some time for the inflaton to fall into the attrac- 
tor. Here, we point out that whether or not the inflaton 



trajectory approaches the attractor ^ is not directly 
related to the validness of our results ((36|) and ((37|) on 
cosmological observables. 

This can easily be understood by recalling how a (or 
f3) showed up in (^5]) . Taking into account a = V2e/3, 
one can obtain the full expression for the spectral index 
in the exactly conformally coupled case 

4(1 - 6) - 4Jl + f (l + /3)2e 
ns-l = ; (A8) 

= -2i - (^(1 + + e + 0(e'/'), (A9) 

where in the last line we have performed the flatness pa- 
rameter expansion without imposing any assumptions on 
the value of (3. This implies that even if the inflaton tra- 
jectory has not settled down to the attractor ^ (i.e. 
\(3\ > 1), if e is small enough to satisfy |e| /3^e (i.e. 
(j>'^/Mp ^ /3**e), then the e term containing (3 is negligi- 
ble and our result p6p is valid. Similar arguments can 
also be made for the running. 
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